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Abstract
A set D of vertices of a graph G is a dominating set if each vertex of V (G) \D, is adjacent
to some vertex of D. The domination number of G, γ(G), is the minimum cardinality of a
dominating set of G. A graph G is called domination vertex critical, or just γ-critical if removal
of any vertex decreases the domination number. A graph G is called domination vertex stable,
or just γ-stable, if removal of any vertex does not decrease the domination number. For an
even integer n ≥ 2 and 1 ≤ ∆ ≤ ⌊log
2
n⌋, a Kno¨del graph W∆,n is a ∆-regular bipartite graph
of even order n, with vertices (i, j), for i = 1, 2 and 0 ≤ j ≤ n/2 − 1, where for every j,
0 ≤ j ≤ n/2 − 1, there is an edge between vertex (1, j) and every vertex (2, (j + 2k − 1) mod
(n/2)), for k = 0, 1, · · · ,∆−1. In this paper, we study the domination criticality and domination
stability of Kno¨del graphs. We characterize the 3-regular and 4-regular Kno¨del graphs by γ-
criticality or γ-stability.
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1 Introduction
Let G = (V,E) denote a simple graph of order n = |V (G)| and size m = |E(G)|. Two vertices
u, v ∈ V (G) are adjacent or neighbor if uv ∈ E(G). The open neighborhood of a vertex u ∈ V (G)
is denoted by N(u) = {v ∈ V (G)|uv ∈ E(G)} and for a vertex set S ⊆ V (G), N(S) = ∪
u∈S
N(u).
The cardinality of N(u) is called the degree of u and is denoted by deg(u), (or degG(u) to refer it
to G). The maximum degree and minimum degree among all vertices in G are denoted by ∆(G)
and δ(G), respectively. A graph G is called k-regular if k = δ(G) = ∆(G). If D is a set of vertices
of a graph G, then a vertex u ∈ V (G) \D is a D-external private neighbor (D-epn) of the vertex
v ∈ D if N(u) ∩ D = {v}. The set of all D-epns of v is denoted by epn(v,D). A graph G is a
bipartite graph if its vertex set can partition to two disjoint sets X and Y such that each edge in
E(G) connects a vertex in X with a vertex in Y .
A set D ⊆ V (G) is a dominating set if for each u ∈ V (G) \ D, u is adjacent to some vertex
v ∈ D. The domination number of G, γ(G), is the minimum cardinality among all dominating sets
of G. For more on dominating set, interested reader may see [8]. A vertex u is a critical vertex if
1
γ(G − u) < γ(G) and a graph G is called domination vertex critical if for any vertex u ∈ V (G),
we have γ(G − u) < γ(G). We say G is a γ-critical graph. A graph G is called domination vertex
stable or γ-stable if for any vertex u ∈ V (G), we have γ(G−u) = γ(G). One of the most important
problems in domination theory is to determine graphs in which every vertex is critical or stable.
Many authors have already studied the criticality and stability of several domination parameters,
see for example [1, 3, 5, 9, 11, 10, 13, 14, 15, 18, 19].
An automorphism of the graph G is a permutation σ on V (G) such that the pair of vertices
(u, v) are adjacent if and only if the pair (σ(u), σ(v)) also are adjacent. A graph G is called vertex
transitive if for each pair of vertices u and v in V (G), there exists an automorphism σ such that
σ(u) = v. For other graph theory notation and terminology not given here, we refer to [4].
An interesting family of graphs namely Kno¨del graphs have been introduced about 1975 [12], and
have been studied seriously by some authors since 2001, see, for example, [6]. For an even integer
n ≥ 2 and 1 ≤ ∆ ≤ ⌊log2 n⌋, a Kno¨del graph W∆,n is a ∆-regular bipartite graph of even order n,
with vertices (i, j), for i = 1, 2 and 0 ≤ j ≤ n/2− 1, where for every j, 0 ≤ j ≤ n/2− 1, there is an
edge between vertex (1, j) and every vertex (2, (j +2k − 1) mod (n/2)), for k = 0, 1, · · · ,∆− 1 (see
[21]). Kno¨del graphs, W∆,n, are one of the three important families of graphs that they have good
properties in terms of broadcasting and gossiping, see for example [7]. It is worth-noting that any
Kno¨del graph is a Cayley graph and so it is a vertex transitive graph, see [6].
Xueliang et al. [21] obtained exact domination number for W3,n and Mojdeh et al. [17] obtained
exact domination number for W4,n [16].
Theorem 1.1 (Xueliang et. al. [21]). For each integer n ≥ 8, we have
γ(W3,n) = 2⌊
n
8
⌋+


0 n ≡ 0 (mod 8)
1 n ≡ 2 (mod 8)
2 n ≡ 4, 6 (mod 8)
.
Theorem 1.2 (Mojdeh et al. [16]). For each integer n ≥ 16, we have
γ(W4,n) = 2⌊
n
10
⌋+


0 n ≡ 0 (mod 10)
2 n = 16, 18, 36 ; n ≡ 2, 4 (mod 10)
3 n = 28 ; n ≡ 6 (mod 10), n 6= 16, 36
4 n ≡ 8 (mod 10), n 6= 18, 28
.
In this paper, we study the domination criticality and domination stability of 3-regular and 4-
regular Kno¨del graphs. In section 3, we determine which 3-regular Kno¨del graphs are γ-critical or
γ-stable. In section 4, we determine which 4-regular Kno¨del graphs are γ-critical or γ-stable.
We will use the following.
Theorem 1.3. [2, 20] If G is a graph with n vertices, then γ(G) ≥ n
∆+1
.
The following is straightforward.
Observation 1.4. If G is a γ-critical graph, then γ(G− u) + 1 = γ(G) for any vertex u ∈ V (G).
2
2 Preliminary
For simplicity, we use from the re-labeling of the vertices of a Kno¨del graph that states by Mojdeh
et. al. in [17], as follows: we label the vertex (1, i) by ui+1 for each i = 0, 1, ..., n/2 − 1, and the
vertex (2, j) by vj+1 for j = 0, 1, ..., n/2 − 1. Let U = {u1, u2, · · · , un
2
} and V = {v1, v2, · · · , vn
2
}.
From now on, the vertex set of each Kno¨del graph W∆,n is U ∪ V such that U and V are the
two partite sets of the graph. Note that two vertices ui and vj are adjacent if and only if j ∈
{i + 20 − 1, i + 21 − 1, · · · , i + 2∆−1 − 1}, where the addition is taken in modulo n/2. If S is a
set of vertices of W∆,n, then clearly, SU = S ∩ U and SV = S ∩ V partition S, |S| = |SU | + |SV |,
N(SU ) ⊆ V and N(SV ) ⊆ U . If D is a dominating set of W∆,n, then, U \ N(DV ) ⊆ DU and
V \N(DU ) ⊆ DV . In [17], for any subset {ui1 , ui2 , · · · , uik} of U with 1 ≤ i1 < i2 < · · · < ik ≤
n
2
,
authors corresponded a sequence based on the differences of the indices of uj, j = i1, ..., ik , as
follows and they introduced some results of this sequence.
For any subset A = {ui1 , ui2 , · · · , uik} of U with 1 ≤ i1 < i2 < · · · < ik ≤
n
2
we define a
sequence n1, n2, · · · , nk, namely cyclic-sequence, where nj = ij+1 − ij for 1 ≤ j ≤ k − 1 and
nk =
n
2
+ i1 − ik. For two vertices uij , uij′ ∈ A we define index-distance of uij and uij′ by
id(uij , uij′ ) = min{|ij − ij′ |,
n
2
− |ij − ij′ |}.
Observation 2.1. [17] Let A = {ui1 , ui2 , · · · , uik} ⊆ U be a set such that 1 ≤ i1 < i2 < · · · < ik ≤
n
2
and let n1, n2, · · · , nk be the corresponding cyclic-sequence of A. Then,
(1) n1 + n2 + · · ·+ nk =
n
2
.
(2) If uij , uij′ ∈ A, then id(uij , uij′ ) equals to sum of some consecutive elements of the cyclic-
sequence of A and n
2
− id(uij , uij′ ) is sum of the remaining elements of the cyclic-sequence. Fur-
thermore, {id(uij , uij′ ),
n
2
− id(uij , uij′ )} = {|ij − ij′ |,
n
2
− |ij − ij′ |}.
We henceforth use the notation M∆ = {2
a − 2b : 0 ≤ b < a < ∆} for ∆ ≥ 2.
Lemma 2.2. [17] In the Kno¨del graph W∆,n with vertex set U ∪V , for two distinct vertices ui and
uj , N(ui) ∩N(uj) 6= ∅ if and only if id(ui, uj) ∈ M∆ or
n
2
− id(ui, uj) ∈ M∆.
Lemma 2.3. [17] Let W∆,n be a Kno¨del graph with vertex set U ∪ V . For any non-empty subset
A ⊆ U , the corresponding cyclic-sequence of A has at most ∆|A| − |N(A)| elements belonging to
M∆.
We remark that one can define the cyclic-sequence and index-distance for any subset of V in a
similar way, and thus the Observation 2.1 and Lemmas 2.2 and 2.3 are valid for cyclic-sequence
and index-distance on subsets of V as well.
The following property of Kno¨del graphs is useful.
Lemma 2.4. Let W∆,n be a Kno¨del graph with vertex set U ∪V . We have γ(W∆,n)−1 ≤ γ(W∆,n−
w) ≤ γ(W∆,n) for any vertex w ∈ U ∪ V .
Proof. By transitivity ofW∆,n, for any vertex w ∈ U∪V , there exist a γ-set, namelyD, ofW∆,n such
that w /∈ D. It is obvious that D is a dominating set of W∆,n −w and so γ(W∆,n −w) ≤ γ(W∆,n).
Now, let Dw be a γ-set of W∆,n − w. Immediately, we see that Dw ∪ {w} is a dominating set of
W∆,n and we have γ(W∆,n) ≤ γ(W∆,n − w) + 1.
3
3 3-regular Kno¨del graphs
In this section, we will determine which 3-regular Kno¨del graphs are γ-critical or γ-stable. For
this, by vertex transitivity of Kno¨del graphs, we remove the vertex v1 and then we compare the
domination numbers of W3,n − v1 and W3,n.
Theorem 3.1. A 3-regular Kno¨del graph W3,n is γ-critical if and only if n ≡ 4 (mod 8).
Proof. We have four cases in terms of n respect to modulo 8. We will show that for n ≡ 4 (mod
8), the graph W3,n is γ-critical and in the other three cases W3,n is γ-stable. By vertex transitivity
of Kno¨del graphs, we use the vertex v1 as an arbitrary vertex.
First assume that n ≡ 4 (mod 8). We set n = 8t+4, where t is a positive integer. By Theorem 1.1,
we know that γ(W3,8t+4) = 2t+2. On the other hand, the setD = {u4i−2 : i = 1, 2, · · · , t}∪{v4i : i =
1, 2, · · · , t}∪{v4t+2} is a dominating set forW3,8t+4−v1 and so γ(W3,8t+4−v1) ≤ 2t+1 < γ(W3,8t+4).
Therefore W3,8t+4 is γ-critical and by Observation 1.4, γ(W3,8t+4 − v1) = 2t+ 1.
For the rest of cases we use Theorems 1.1 and 1.3.
If n ≡ 0 (mod 8), then we set n = 8t, where t is a positive integer. By Theorem 1.1, we know that
γ(W3,8t) = 2t and by Theorem 1.3 we have γ(W3,8t − v1) ≥ ⌈
8t−1
4
⌉ = 2t = γ(W3,8t) and so W3,8t is
not γ-critical. If n ≡ 2 (mod 8), then we set n = 8t+ 2, where t is a positive integer. By Theorem
1.1, we know that γ(W3,8t+2) = 2t + 1 and by Theorem 1.3, we have γ(W3,8t+2 − v1) ≥ ⌈
8t+1
4
⌉ =
2t + 1 = γ(W3,8t+2) and so W3,8t+2 is not γ-critical. If n ≡ 6 (mod 8), then we set n = 8t + 6,
where t is a positive integer. By Theorem 1.1, we know that γ(W3,8t+6) = 2t+ 2 and by Theorem
1.3, we have γ(W3,8t+6 − v1) ≥ ⌈
8t+5
4
⌉ = 2t+ 2 = γ(W3,8t+6) and so W3,8t+6 is not γ-critical.
Theorem 3.1 and Lemma 2.4 implies that the following corollary.
Corollary 3.2. A 3-regular Kno¨del graph W3,n is γ-stable if and only if n 6≡ 4 (mod 8).
4 4-regular Kno¨del graphs
In this section, we discuss on γ-critically of 4-regular Kno¨del graphs. We study our main result in
four lemmas.
Lemma 4.1. W4,n is γ-critical if
i) n = 26 or
ii) n ≥ 22 and n ≡ 2 (mod 10) or
iii) n ≥ 38 and n ≡ 8 (mod 10).
Proof. We prove the γ-criticality of W4,n in three given cases for n. In each case, we present a
dominating set for W4,n − v1 with γ(W4,n)− 1 vertices that implies W4,n is γ-critical.
(i) If n = 26, then the set D = {u2, u10} ∪ {v6, v7, v8, v12} is a dominating set for W4,26 − v1 with
6 vertices and so γ(W4,26 − v1) ≤ 6. By Theorem 1.2 we know that γ(W4,28) = 7. Therefore, by
Lemma 2.4 we have γ(W4,28 − v1) = 6 < γ(W4,28) and so W4,28 is γ-critical.
4
(ii) If n ≥ 22 and n ≡ 2 (mod 10), then we set n = 10t+ 2, where t ≥ 2. The set D = {u5i−1 : i =
1, 2, · · · , t− 1}∪ {u5t}∪ {v5i−2 : i = 1, 2, · · · , t}∪ {v5t−1} is a dominating set for W4,10t+2− v1 with
2t+1 vertices and so γ(W4,10t+2−v1) ≤ 2t+1. By Theorem 1.2 we know that γ(W4,10t+2) = 2t+2.
Therefore, by Lemma 2.4 we have γ(W4,10t+2 − v1) = 2t + 1 < γ(W4,10t+2) and so W4,10t+2 is
γ-critical, where t ≥ 2.
(iii) If n ≥ 38 and n ≡ 8 (mod 10), then we set n = 10t+8, where t ≥ 3. The set D = {u5i−1 : i =
1, 2, · · · , t}∪{u5t}∪{v5i−2 : i = 1, 2, · · · , t+1}∪{v6, v5t−1} is a dominating set forW4,10t+8−v1 with
2t+3 vertices and so γ(W4,10t+8−v1) ≤ 2t+3. By Theorem 1.2 we know that γ(W4,10t+8) = 2t+4.
Therefore, by Lemma 2.4 we have γ(W4,10t+8 − v1) = 2t + 3 < γ(W4,10t+8) and so W4,10t+8 is
γ-critical, where t ≥ 3.
Now, we will prove that the Kno¨del graphs W4,n are γ-stable for all positive integer n where n
does not satisfy in Lemma 4.1. In each cases, we show that γ(W4,n − w) = γ(W4,n) for any vertex
w ∈ U ∪ V .
Lemma 4.2. The Kno¨del graph W4,n is γ-stable if n ≡ 0 (mod 10) or n ≡ 4 (mod 10).
Proof. If n ≡ 0 (mod 10), then we set n = 10t, where t ≥ 2. By Theorem 1.2, we know that
γ(W4,10t) = 2t. Also, by Theorem 1.3, γ(W4,10t −w) ≥ ⌈
10t−1
5
⌉ = 2t for any vertex w ∈ U ∪ V and
therefore, by Lemma 2.4 we have γ(W4,10t − w) = γ(W4,10t) = 2t. Thus, W4,10t is γ-stable, where
t ≥ 2.
If n ≡ 4 (mod 10), then we set n = 10t + 4, where t ≥ 2. By Theorem 1.2, we know that
γ(W4,10t+4) = 2t + 2. Also, by Theorem 1.3, we have γ(W4,10t+4 − w) ≥ ⌈
10t+3
5
⌉ = 2t + 1 for any
vertex w ∈ U ∪ V . We will show that γ(W4,10t+4 − w) 6= 2t + 1. Without loss of generality, we
assume that w ∈ V . Suppose to the contrary, D is a dominating set ofW4,2t+4−w and |D| = 2t+1.
If x = |DU | and y = |D ∩ (V \ {w})|, then x + y = 2t + 1. Since D is a dominating set, we have
4x + y = 4x + (2t + 1 − x) ≥ 5t + 1 = |V \ {w}| and 4y + x = 4y + (2t + 1 − y) ≥ 5t + 2 = |U |,
therefore x ≥ t and y ≥ t+1. Now, we deduce that x = t and y = t+1. Assume that n1, n2, · · · , nt
is the cyclic-sequence of DU . Thus, by Observation 2.1, n1 + n2 + · · · + nt = 5t + 2 and so
{n1, n2, · · · , nt} ∩M4 6= ∅. Now, Lemma 2.2 implies that DU dominates at most 4t− 1 vertices of
V \ {w} and D dominates at most 4t− 1 + t+ 1 = 5t vertices of V \ {w}, a contradiction. Hence,
γ(W4,10t+4 − w) 6= 2t + 1, as desired. Therefore, γ(W4,10t+4 − w) = 2t + 2 = γ(W4,10t+4), and so
W4,10t+4 is γ-stable, where t ≥ 2.
Lemma 4.3. The Kno¨del graph W4,n is γ-stable if n ∈ {16, 18, 28, 36}.
Proof. If n = 16, then by Theorem 1.2 we have γ(W4,16) = 4. We show that γ(W4,16 − w) = 4
for any vertex w ∈ U ∪ V . Without loss of generality, we assume that w ∈ V . Suppose to the
contrary that γ(W4,16−w) ≤ 3 and D is a dominating set of W4,16−w and |D| = 3 = x+ y, where
x = |DU |, y = |D ∩ (V \ {w})|. D dominates at most 4x + y = 3x + 3 vertices of V \ {w} and
dominates at most 4y + x = 3y + 3 vertices of U . Since D is a dominating set, we have 3x+ 3 ≥ 7
and 3y + 3 ≥ 8 and so x ≥ 2, y ≥ 2 and x+ y ≥ 4, a contradiction. Hence, by Lemma 2.4 we have
γ(W4,16 − w) = γ(W4,16) = 4 and W4,16 is γ-stable.
If n = 36, then by Theorem 1.2 we have γ(W4,36) = 8. We show that γ(W4,36 − w) = 8. for any
vertex w ∈ U ∪V . Without loss of generality, we assume that w ∈ V . Suppose to the contrary that
γ(W4,36 − w) ≤ 7 and D is a dominating set of W4,36 − w and |D| = 7 = x + y, where x = |DU |,
5
y = |D ∩ (V \ {w})|. D dominates at most 4x + y = 3x + 7 vertices of V \ {w} and dominates
at most 4y + x = 3y + 7 vertices of U . Since D is a dominating set, we have 3x + 7 ≥ 18 and
3y + 3 ≥ 17 and so x ≥ 4, y ≥ 4 and x + y ≥ 8, a contradiction. Hence, by Lemma 2.4 we have
γ(W4,36 − w) = γ(W4,36) = 8 and W4,36 is γ-stable.
If n = 18, then by Theorem 1.2 we have γ(W4,18) = 4. We show that γ(W4,18 − w) = 4 for any
vertex w ∈ U ∪V . Without loss of generality, we assume that w ∈ V . Suppose to the contrary that
γ(W4,18 − w) ≤ 3 and D is a dominating set of W4,18 − w and |D| = 3 = x + y, where x = |DU |,
y = |D ∩ (V \ {w})|. D dominates at most 4x + y = 3x + 3 vertices of V \ {w} and dominates
at most 4y + x = 3y + 3 vertices of U . Since D is a dominating set, we have 3x + 3 ≥ 8 and
3y + 3 ≥ 9 and so x ≥ 2, y ≥ 2 and x + y ≥ 4, a contradiction. Hence, by Lemma 2.4 we have
γ(W4,18 − w) = γ(W4,18) = 4 and W4,18 is γ-stable.
If n = 28, then by Theorem 1.2 we have γ(W4,28) = 7. We show that γ(W4,28 − w) = 7 for any
vertex w ∈ U ∪V . Without loss of generality, we assume that w ∈ V . Suppose to the contrary that
γ(W4,28 − w) ≤ 6 and D is a dominating set of W4,28 − w and |D| = 6 = x + y, where x = |DU |,
y = |D ∩ (V \ {w})|. D dominates at most 4x + y = 3x + 3 vertices of V \ {w} and dominates
at most 4y + x = 3y + 3 vertices of U . Since D is a dominating set, we have 3x + 3 ≥ 13 and
3y+3 ≥ 14 and so x ≥ 3, y ≥ 3. Therefore, we have x = |DU | = 3 and y = |D∩ (V \{w})| = 3. Let
D ∩ (V \ {w}) = {vi, vj , vk}, where 1 ≤ i < j < k ≤ 14. The corresponding cyclic-sequence of this
set is n1 = j− i, n2 = k− j and n3 = 14−k+ i. Since n1+n2+n3 = 14, then {n1, n2, n3}∩M4 6= ∅
and by Lemma 2.2 we have |N({vi, vj , vk})| ≤ 11. If |N({vi, vj , vk})| ≤ 10, then D dominates
at most 10 + 3 = 13 vertices of U , a contradiction. Thus, we must have |N({vi, vj , vk})| = 11.
In this case, Lemma 2.3 implies that precisely one of the numbers n1, n2 and n3 belongs to M4.
By symmetry, we have the only case n1 = 4 and n2 = n3 = 5 for cyclic-sequence of {vi, vj , vk}.
We can easily see that for any selection of DV , D dominates at most 26 vertices of W4,28 − w, a
contradiction. For example, if w /∈ {v1, v5, v10}, then we consider the set DV = {v1, v5, v10} and so
DU = U \ N(DV ) = {u6, u11, u13}. Now, D = DU ∪ DV does not dominate the vertices v3, v8, a
contradiction.
Lemma 4.4. W4,n is γ-stable if n ≥ 46 and n ≡ 6 .
Proof. If n ≥ 46 and n ≡ 6 (mod 10), then we set n = 10t + 6, where t ≥ 4. By Theorem 1.2, we
have γ(W4,n) = 2t+3 and we show that γ(W4,n −w) = 2t+ 3 for any vertex w ∈ U ∪ V . Without
loss of generality, we assume that w ∈ V . Suppose to the contrary that γ(W4,n−w) ≤ 2t+2 and D
is a dominating set ofW4,n−w and |D| = 2t+2 = x+y, where x = |DU | and y = |D∩(V \{w})|. D
dominates at most 4x+y = 3x+2t+2 vertices of V \{w} and dominates at most 4y+x = 3y+2t+2
vertices of U . Since D is a dominating set, we have 3x+ 2t+ 2 ≥ 5t+ 2 and 3y + 2t+ 2 ≥ 5t+ 3
and so x ≥ t, y ≥ t+ 1. Now, we have two cases (i) x = t, y = t+ 2 and (ii) x = y = t+ 1.
i) Assume that x = t, y = t + 2 and n1, n2, · · · , nt is the cyclic-sequence of DU and so by
Observation 2.1 we have n1 + n2 + · · · + nt = 5t + 3. Since DU has to dominate precisely 4t =
|(V \{w})\ (DV )| vertices of V , Lemmas 2.2 and 2.3 implies that {n1, n2, · · · , nt}∩M4 = ∅. Thus,
there exist the unique cyclic-sequence n1 = n2 = · · · = nt−1 = 5 and nt = 8, with respect to
vertex transitivity property of Kno¨del graphs. If DU = {u5i−4 : i = 1, 2, · · · , t}, then V \N(DU ) =
{v3, v5t+1, v5t+2} ∪ {v5i : i = 1, 2, · · · , t} and (V \N(DU )) ⊆ DV . Now, we have |DV | = t+ 2 and
|V \N(DU )| = t+ 3 and therefore, w ∈ (V \N(DU )) and DV = (V \N(DU )) \ {w}. On the other
hand, each vertex in V \N(DU ), including w, has at least an external private neighbor respect to
U as follows: pn(v3) = {u5t+3}, pn(v5) = {u4, u5}, pn(v5t+1) = {u5t−2}, pn(v5t+2) = {u5t+2} and
6
u5i−3 ∈ pn(v5i), where i = 2, 3, · · · , t. Therefore, by eliminating w, D is not a dominating set of
W4,10t+6 − w, a contradiction and so x 6= t.
ii) Assume that x = t + 1, y = t + 1 and n1, n2, · · · , nt+1 is the cyclic-sequence of DV and
so by Observation 2.1 we have n1 + n2 + · · · + nt+1 = 5t + 3. Since DV has to dominate at
least 4t + 2 = |U \ DU | vertices of U , thus there exist at most two pairs of vertices in U that
are dominated by at least two vertices in DV . Therefore, by lemma 2.2, up to two of numbers
n1, n2, · · · , nt+1, n1 + n2, n2 + n3, · · · , nt + nt+1, nt+1 + n1 are belong to M4. We divide all the
sequences that apply in this condition into 6 categories. In each category, we consider the set
DV corresponding to the given cyclic-sequence such that w /∈ DV . Next, we show that |N [D]| ≤
10t + 4, that is, the constructed D is not a dominating set, a contradiction.We emphasize that
(V \N(DV )) ⊆ DU and D = DU ∪DV .
1) n1 = 3, n2 = n3 = · · · = nt+1 = 5.
If DV = {v1}∪{v5i−1 : i = 1, 2, · · · , t}, then U \N(DV ) = {u5i : i = 1, 2, · · · , t−1}∪{u5t+2}. Until
now, we have found 2t+ 1 vertices of the set D and we are allowed to add just one more vertex to
DU . The known vertices of D does not dominate the vertices v3, v7, v5t and v5t+1 and by adding
each new vertex to D, there are still 2 vertices that are not dominated. Therefore, D dominates at
most 10t+ 4 vertices of W4,n − w, a contradiction.
2) n1 = nr = 4, for an r, 2 ≤ r ≤ t+1 and other t− 1 elements of cyclic-sequence are equal to 5.
First, assume that r = 2, then we have n1 = n2 = 4 and n3 = n4 = · · · = nt+1 = 5. If
DV = {v1, v5}∪{v5i−1 : i = 2, 3, · · · , t}, thenDU = U \N(DV ) = {u3, u5t+2}∪{u5i : i = 2, 3, · · · , t}.
D = DU ∪ DV does not dominate the vertices v7, v8 and v12, a contradiction. Now, assume
that 3 ≤ r ≤ t + 1, then we have v3 /∈ DV and N(v3) = {u2, u3, u5t+3, u5t−1}. We show that
N(v3) ⊆ N(DV ).
u2 ∈ N(v5) and v5 ∈ DV and thus u2 ∈ N(DV ), u3 ∈ N(v10) and v10 ∈ DV and thus u3 ∈ N(DV ),
u5t+3 ∈ N(v1) and v1 ∈ DV and thus u5t+3 ∈ N(DV ), u5t−1 ∈ N(v5t−1) and u5t−1 ∈ N(v5t−1).
If r 6= t + 1, then v5t−1 ∈ DV and if r = t + 1, then v5t ∈ DV . In both cases we see that
u5t−1 ∈ N(DV ).
Therefore, N(v3) ⊆ N(DV ) and so N(v3) ∩ DU = ∅. Since v3 /∈ DV , thus N [v3] ∩ D = ∅ or
v3 /∈ N [D], a contradiction.
3) n1 = 4, n2 = 1, n3 = 8 and n4 = n5 = · · · = nt+1 = 5.
If DV = {v1, v5, v6} ∪ {v5i−1 : i = 3, 4, · · · , t}, then DU = U \ N(DV ) = {u8, u9} ∪ {u5i : i =
2, 4, · · · , t}. D = DU ∪DV does not dominate three vertices v2, v3 and v7, a contradiction.
4) n1 = 8, n2 = 1, n3 = 4 and n4 = n5 = · · · = nt+1 = 5.
If DV = {v1, v9, v10} ∪ {v5i−1 : i = 3, 4, · · · , t}, then DU = U \N(DV ) = {u4, u5, u5t+2} ∪ {u5i : i =
3, 4, · · · , t}. D = DU ∪DV does not dominate three vertices v3, v13 and v17, a contradiction.
5) n1 = 3, n2 = 2, n3 = 8 and n4 = n5 = · · · = nt+1 = 5.
If DV = {v1, v4, v6} ∪ {v5i−1 : i = 3, 4, · · · , t}, then DU = U \N(DV ) = {u2, u8, u9} ∪ {u5i−5 : i =
3, 4, · · · , t}. D = DU ∪DV does not dominate four vertices v7, v5t, v5t+1 and v5t+3, a contradiction.
6) n1 = 8, n2 = 2, n3 = 3 and n4 = n5 = · · · = nt+1 = 5.
If DV = {v1, v9, v11} ∪ {v5i−1 : i = 3, 4, · · · , t}, then DU = U \N(DV ) = {u3, u5, u5t+2} ∪ {u5i : i =
7
3, 4, · · · , t}. D = DU ∪DV does not dominate two vertices v7, v13, a contradiction.
Finally, by lemmas 4.1, 4.2, 4.3 and 4.4, we have the main results as follows.
Theorem 4.5. For any n ≥ 16, W4,n is γ-critical if and only if
i) n = 26 or
ii) n ≥ 22 and n ≡ 2 (mod 10) or
iii) n ≥ 38 and n ≡ 8 (mod 10).
Theorem 4.6. For any n ≥ 16, W4,n is γ-stable if and only if
i) n = 18, 28 or
ii) n ≡ 0, 4 (mod 10) or
iii) n 6= 26 and n ≡ 6 (mod 10).
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